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CONJUGACY CLASSES
IN FINITE SOLVABLE GROUPS

BY
ANTONIO VERA LOPEZ

ABSTRACT

In this note, we obtain the number of conjugacy classes in a finite solvable group
as a function of any tuple of the composition factors of G. Using this relation,
we give a new elementary proof of one of Mann’s results for solvable groups,
without using character theory, and we improve this result for some classes of
groups.

1. Let G be a finite group of order |G | = g - - - q¥, with g; prime and ¢; # g;
for every i# j. We define the numbers

d]c;] = ng(q1 - 1, Y/ ' 1),
Soi=gecd(qi—1,--,qi—1),
pior = g-c.d.((q7 = (g1 — 1), -, (g7 = 1){(q. — 1)),

where g.c.d.(m; |iEI) denote the greatest common divisor of the family of
numbers (m; ’i € I). Let r(G) be the number of conjugacy classes of G.

P. Hall (cf. [4] V. 15.2) shows that, if G is a p-group, p prime, then |G | = r(G)
(mod(p*—1)(p — 1)).

In 1950 Hirsch proved that |G|=r(G) (mod §c) (cf. [2]) and also that
|G |=r(G) (mod 28,c) when | G| is odd. A different proof was given by van der
Waall in [7].

In 1968 J. Poland (cf. [6]) shows that

|G |=r(G) (mod g.c.d.((qg —17|i=1,---,1)).
In 1978, A. Mann (cf. [5]) using Brauer’s lemma (e.g. [2], (12.1)) shows that
M) |G|=r(G) (mod dig| - 8i61)
for each finite group G, generalizing all the above-mentioned results. Moreover,
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it has been pointed out in [7] that one cannot generalize further |G |=r(G)
(mod pic)).

In this work, we obtain the number of conjugacy classes in a finite solvable
group as a function of any tuple of the composition factors of G. Using this
relation, we obtain a new proof of Mann’s result (1) for solvable groups without
using character theory and we investigate some special cases.

In the following, G will denote a finite group. We use the standard notation:
x’' =y 'xy, Clo(x)={x*|g €G}, [x,y]=x""y 'xy, G'=(x,y]|x,y € G) and
if $#J is a subset of G, S ={z* Iz €S}

LemMMmA. Let N< G be such that G/IN=C,, p prime, and g & G — N.
Consider the isomorphism ¢ : N— N, n » n® and suppose that § leaves exactly s
conjugacy classes of N unchanged: Cly(n.), -+, Clx(n,). Then

(@) r(G)=ps+(r(N)=s)lp (cf. [1] p. 472),

(b) s =1 (mod dn).

ProoF. The relation r(G)=ps + (r(N)—s)/p is shown by considering the
action of G on each Q.=2xN, x €EG—N, given by: (xn)-y =y '(xn)y
V(n,y)E N X G, and using the equation u, -|N|=ZX,en6.(m)=1S.| where
S ={(w,n)EQ, XN ] w" =w}, u, is the number of orbits of (2., N) and
0.(m)={we. |w” =w}.

On the other hand, arguing as in [5] p. 83, there exists a natural number k such
that k has exactly order dx; module any divisor ( # 1) of | N|. Now, we consider
the permutation « : n = n* foreach n € N and let T =Cly(n,)U - - - U Clx(n,).
If n €T, then there is m €N such that n®* =n™, hence (n*)* =(n*)" and
n* € T. Thus T —{1} is a union of some orbits of this permutation, but the length
of each orbit ( # {1}) of this permutation is di, hence | T| =1 (mod d,v)). Finally,
as |Cly (n;)| is a divisor of the order of N, we have |Cly (n:)| =1 (mod d|n)), hence

IT|= 3 [Clu(n)| =5 (mod d),

and therefore s =1 (mod dn).
THEOREM. Let G be a solvable group, 1= N, <--- <N, <N, = G a composi-
tion series of G such that Ni_,/N,=C, i=1,---,e and g€ N,_;— N;. Then

r(G)= Zl s:((pi=Dlp: - p)+(1/|G)
where s; is the number of conjugacy classes o, N; unchanged by the automorphism
i : N> N, x»x&1 i=1,--- e. Moreover s;=1 (moddy), i=1,---,e

ProOF. We have G/N,=C,, hence r(G)=p;s;+ (r(N))—s)/pr and s, =1
(mod dn,) by the lemma. Therefore
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@) pir(G)=si(pi— 1)+ r(N).
Similarly, N\/N, = C,, implies
3) pr(Ny) = Sz(pg_ 1)+ r(N,)

with s, =1 (mod d,). Now (2) and (3) imply
pp2r(G) = si(pi— 1)p2+ s:(p3— 1)+ r(Ny).

Thus, repeating this argument all times as the length of the composition series of
G, we obtain the desirable relation:

@ 1GI(G)=pi-- pr(G)=si(pi=Dpz---pe + - +s(pe =D+ r(Ne)
where r(N.)=1=s. and s, =1 (mod dn)) for each i =1, -, e.

ReMARK. Leti=e —2. Clearly s; = 1if and only if N,_, is a Frobenius group
of nilpotent kernel N; and complement (g;_;) isomorphic to G, . In this case we
have s. =1, s,.i=p._; and 5;# 1 foreach j=i+1,---, e —2.

CorOLLARY 1. Let q,, -, q. be the primes dividing the order |G| of the
solvable group G. Then |G |=r(G) (mod d;/86).

PrROOF. Let 1=N,=---=2N;==N,= G be a composition series of G such
that N;..i/N;=C,, p; prime, i=1,---,e. Then |G|=p. - p., {pi,-- ", p} =
{q1," -, q.} and we have the relation (4). Moreover s; = 1 (mod d,) and dg I diny
for each i# e, imply s; =1 (mod dig). So s;(pivi -+ p.)=1 (mod dig) and

si(pi—1) (P  p.)=pi—1 (mod dic\8i6).
Thus

©) G[r(G)=1= 3 (pi~1) (mod digbic).

On the other hand, it can be verified easily, by induction on the number e, that

© 2 (pi=1)=(p- - p.Y ~ 1 (mod dioiio)

hence (5) and (6) imply |G|r(G)=|G[ (moddgdqs), so r(G)=|G]|
(mod di/8i6)), because g.c.d.(|G|,dcdc)=1.

REMARK. This proof is different from Mann’s proof (cf. [S]) and we only use
some elementary results of finite group theory. Notice also that the congruence
|G |=r(G) (mod ;) is deduced directly from (4), because

ge.d((pi—1)p2- - pe, (Pi— s+ -+ peo- - -, pe— D =ged(pi—1,- -, pi=1).



244 A. VERA LOPEZ Isr. J. Math.

COROLLARY 2. Let G be a solvable group of order qi'---qip, where
{q1, - -, qi, p} is the set of different divisor primes of the order of G. If there exists
N =2 G such that G/N = C,, then

) "O)=(p+ % e @i~ D) (G ") (mod seidin)

Proor. Let N, =N and p, = p, with the notation of the theorem. Then we
have |G [r(G)-1=X_{s(pI—Dpis1- - pe +s.(p2—1), with 5. =1 and s, =1
(mod din)i=1,---,e —1.Clearly d) is a divisor of d;foreachi =1,---,e — 1,
hence s; =1 (mod d|~) and arguing as in the theorem, we obtain

(GIr(G)=1= 3 (i~ 1)= ("~ 1)+ 3 e, (g7~ 1) (mod o).

ExampLEs. Let G be a solvable group of order gi'---g{-p with p the
smallest divisor prime of the order of G. Then we can apply Corollary 2 to obtain

HG)= (,)%L;:1 e(q’—1)(|G|™") (mod 861 gc.du(qu— 1, - -, g — 1)) .

For example, if | G | = 2q{iq5 with the g, odd and primes different from 3, then
Mann’s result shows that |G |=r(G) (mod 3) and Corollary 2 determine r(G)
module 3-g.c.d.(qi~1,g.—1). If |G| =11.13%-37%, then (1) determines r(G)
module 2*3 and (7) determines r(G) module 2°-3*.

CoROLLARY 3. Let p and q be two primes such that p /f/ (=D andletGa
group of order p"q. Then

®) rG)=Wa" -Dp"+ @+ D" -D+1)((p"q)") (mod(p — 1) §ic)).

PROOF. Since p X (g—1), G has a unique Sylow p-subgroup, hence
(¢:p,*+,p) is a tuple of composition factors of G and with the notation of the
theorem, we have

|GIr(G)=1=s5:q"=1)p" +s5:p* = 1p" "+ - + 5:0a(p” — 1)
with s; =1 (mod(p — 1)). Therefore

1G[r(G)-1=(¢"~1)p" +(p*~ D((p" — D/(p — 1)) (mod z)
with z =g.cd.(@’— D -1, @’ - D -1))=(p—-1)- 4.

ExaMmpPLE. Set |G|=5"-7, then (1) determines r(G) module 2*-3 and (8)
determines r(G) module 2°-3.

CoroLLARY 4. Let G be a metabelian group. Then

©) r(G)=(G'|-1)-(IGIG')+|G/G'| (mod dic|* ic/51)-
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PrOOF. We can refine the series 1< G' = G to obtain a composition series of
G:1=N,=N,,,€-- =N, =G'=€---2N,=G such that N,/N, =, for
i=1,---,e. Arguing as in the theorem, we have

|GIG'|-r(G)=(pr---p,) r(G)
=si(pi=Dpa-po+5:pa=Dps-po +- - 5o (pi= 1)+ r(G).
But, r(G')=|G'| and spisi - - p, =1 (mod d;c|), hence

|GIG'|r(G)—|G'|= Zl (i1 =(p:--p.)' — 1 (mod digi8ic/c7)-

Thus we obtain the relation (9).

ExampLe. If |G|=p’q and |G'|=p°, (9) determines r(G) module
(@°—1)-gcd.(p—1,q9 —1). For example, if G = A, is the alternating group of
degree 4, then | G/G'| = 3 and (9) implies r(G) =4 (mod 8), whereas (1) does not
give any information in this easy case.

ReEMARK. In general, if there exists N < G such that |G/N| and r(N) are
known and G/N is a solvable group, then arguing as in Corollary 4, we obtain
the relation

r(G)=(r(N)=1)-(|G/N[)+|G/N| (mod dig| - 8ia/m1)-
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