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CONJUGACY CLASSES 
IN FINITE SOLVABLE GROUPS 

BY 

ANTONIO VERA LOPEZ 

ABSTRACT 

In this note, we obtain the number of conjugacy classes in a finite solvable group 
as a function of any tuple of the composition factors of G. Using this relation, 
we give a new elementary proof of one of Mann's results for solvable groups, 
without using character theory, and we improve this result for some classes of 
groups. 

1. Let  G be a finite g roup  of o rder  1G ] = q ~ . . . .  q 7', with qi p r ime and qi p qj 
for  every  i ~  j. We  define the numbers  

djcj = g.c.d.(ql - 1 , . . . ,  q, - 1), 

6~G, = g.c.d.(q~ - 1 , . . . ,  q~ - 1), 

/zlo r = g.c.d.((q~ - 1)(qi - 1 ) , . . . ,  (q,~ - 1)(q, - 1)), 

where  g.c.d.(m~ [i E I )  deno te  the grea tes t  c o m m o n  divisor of the family of 

number s  (m~ I i E I ) .  Let  r(G) be the n u m b e r  of  conjugacy  classes of G. 

P. Hal l  (cf. [4] V. 15.2) shows that,  if G is a p -g roup ,  p pr ime,  then  [ G I  -= r(G) 
(mod(p  ~ -  1)(p - 1)). 

In 1950 Hirsch p roved  that  [ G [ ~ - r ( G )  (mod 61~d) (cf. [2]) and also that  

[G ]=- r(G) (mod 266oi) when  I G t  is odd.  A different p roof  was given by van der  
Waall  in [7]. 

In 1968 J. Poland  (cf. [6]) shows that  

[G I=- r(G) (mod g.c.d.((q, - 1)~1i = 1 , . . . ,  t)). 

In 1978, A. M a n n  (cf. [5]) using Braue r ' s  l e m m a  (e.g. [2], (12.1)) shows that  

(1) I GI==- r(G) (rood dial" 61~f) 

for  each finite g roup  G, general iz ing all the a b o v e - m e n t i o n e d  results. Moreove r ,  
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it has been pointed  out  in [7] that one cannot  general ize fur ther  I G I ~  r ( G )  

(mod/zr~l). 

In this work,  we obtain the number  of conjugacy classes in a finite solvable 
group as a funct ion of any tuple of the composi t ion factors of G. Using this 
relat ion,  we obtain a new proof  of Mann 's  result (1) for  solvable groups without  
using character  theory  and we investigate some special cases. 

In the following, G will deno te  a finite group.  We use the s tandard notat ion:  

x y = y - ' xy ,  C l o ( x )  ={x  g t g E G}, [x ,y ]  = x ly ~xy, G '  = ( [ x , y ] ] x , y  E G )  and 
if S : Q  is a subset of G, S ~ = { z  ~ lz  ~ S } .  

LEMMA. Let  N ~ G be such that G I N  = Cp, p prime, and g E G - N .  

Consider the isomorphism ~b : N--~ N, n ~ n g and suppose that tb leaves exactly s 

conjugacy classes o f  N unchanged:  C l ~ ( m ) , . . . , C I N ( n , ) .  Then 

(a) r (G)  = ps + ( r ( N ) -  s)/p (cf. [1] p. 472), 
(b) s -= 1 (mod drNi). 

PROOF. The  relat ion r ( G ) =  ps + ( r ( N ) - s ) / p  is shown by considering the 
action of G on each f L  = x N ,  x E G - N ,  given by: ( x n ) . y  = y  l (xn)y 
V(n, y)  E N • G, and using the equat ion  Ux �9 I N I = Vm~N Ox ( m )  = I Sx I where  
S ~ - - { ( w , n ) ~ x •  n = w } ,  u~ is the number  of orbits of ( I )~ ,N)  and 

0 (m) = I{w l w -- w}p. 
On the o ther  hand, arguing as in [5] p. 83, there  exists a natural  number  k such 

that k has exactly o rder  drNr module  any divisor ( :  1) of IN I . Now, we consider  
the permuta t ion  a : n ~ n k for  each n E N and let T = CIN (m) U . . .  t../C1N(n,). 

If n E T, then there  is m E N such that n ~ =  n" ,  hence (nk) g =  (nk) " and 
n k E T. Thus  T - {1} is a union of some orbits of this permuta t ion ,  but the length 

of each orbit  ( ~ {1}) of this pe rmuta t ion  is ddN~, hence I TI - 1 (mod drNr). Finally, 
as I CIN (n~)] is a divisor of the order  of N, we have I CIN (n~)l ~ 1 (mod dlNi), hence 

I T I = ~ I CIN (n,)l ~ s (mod diN,), 
i = l  

and there fore  s =- 1 (mod dlNi). 

THEOREM. Let  G be a solvable group, 1 = N~ ~ .  �9 �9 ~ N~ ~ No = G a composi- 

tion series o f  G such that N~_~/N~ ~- Cp, i = 1 , . . . ,  e and g~_, E N~-I - N~. Then 

r ( G )  = ~ s, ((p2 _ 1)/(p, �9 �9 �9 p,)) + (1/I G l) 
i = l  

where s~ is the number  o f  conjugacy classes of N~ unchanged by the automorphism 

qt~ : N~ ~ N~, x ~ x S,_l, i = 1,. �9 e. Moreover s~ ~ 1 (mod dtN, i), i = 1,. �9 e. 

PROOF. We have G/N~ ~- C,,, hence r ( G )  = p~sl + ( r ( N ~ ) -  s~)/p~ and s~ =- 1 
(mod diN, i) by the lemma.  The re fo r e  
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(2) p~r(G) = s~(p~ - 1) + r(N~). 

Similarly, N~/N2 ~-C~ implies 

(3) pj(N~)  = s2(p 2 - 1) + r(N2) 

with s2 =-1 (mod dlN2r). Now (2) and (3) imply 

p~p2r(G) = s~(p~- 1)p2 + s2(p~- 1) + r(N2). 

Thus,  repea t ing  this a rgumen t  all t imes as the length of the compos i t ion  series of 

G, we obta in  the desirable  relat ion: 

(4) I G I r ( G ) = p t . . . p , r ( G ) = s ~ ( p ~ -  l )p2 . . .p ,  + " ' + s ~ ( p ~ -  l )+r(Ne)  

where  r(N~) = 1 = s, and s, ~- 1 (mod ddN, i ) for each i = 1,. �9 e. 

REMARK. Let  i _--< e - 2. Clear ly s~ = 1 if and only if N~_~ is a Frobenius  group  
of ni lpotent  kernel  N~ and c o m p l e m e n t  (g, ~) i somorphic  to Cp,. In this case we 

have  s , = l ,  s, ~=p~_~ and s j P l  for  e a c h / ' = i + l , . . . , e - 2 .  

COROLLARY 1. Let q~,. . . ,q,  be the primes dividing the order I GI of the 
solvable group G. Then J GI-= r(G) (mod dl~l&~r). 

PROOF. Let  1 = N, ~ �9 �9 �9 ~ N~ ~ No = G be a compos i t ion  series of G such 

that  N~_,/N,=Cp,, p, pr ime,  i = l , . . . , e .  Then  I G l = p , . . . p , ,  { p , . . - , p , } =  

{q~,. �9 q,} and we have the re la t ion (4). M o r e o v e r  s~ ~ 1 (mod dl~,l) and dFo, I dl~,l 

for  each i / e ,  imply s, -= 1 (mod dr~l). So s~(p,§ "pe)=-- 1 (mod dial) and 

s, (p~ - 1)" (p~+~' ' '  p , )  - p~ - 1 (mod dl~161~r). 

Thus  

(5) I G I r ( G ) -  1 =- 2 (P~ - 1) (mod dl~161~r). 
i = 1  

On the o the r  hand,  it can be verified easily, by induct ion on the n u m b e r  e, that  

(6) 2 (P~ - 1) ~- ( p , . - .  pe) 2 - 1 (mod dlor61~l) 
i = l  

hence (5) and (6) imply I G1r(G)-=jGI 2 (modd~r6r~r), so r(G)=-I~l 
(mod dlol6Ecl), because  g.c.d.(I G I, dl~j61~l) = 1. 

REMARK. This p roof  is different  f rom Mann ' s  p roof  (cf. [5]) and we only use 

some  e l emen ta ry  results of finite g roup  theory.  Not ice  also that  the congruence  

[ e l = - r ( G )  (mod 6tol) is deduced  directly f rom (4), because  

g.c.d.((p~ - 1)pz �9 �9 �9 p,,  (p~ - 1)p3 �9 �9 �9 pe , ' "  ", p~ - 1) = g.c.d.(p~ - 1 , - - . ,  p~ - 1). 
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e e t COROLLARY 2. Let G be a solvable group of order q, . . . .  q,p, where 
{ q , . - . ,  q,, p} is the set of different divisor primes of the order of G. I[ there exists 
N ~ G such that G / N  -~ Cp, then 

(7) r(G)~- (P2 + ~ ei(q~- l)) (IG j-') (m~ 

PROOF. Let  N, = N and p, = p, with the no ta t ion  of the theo rem.  Then  we 

have  I G J r ( G )  - 1 = -~=l"ce-' si (p~ - 1)p,+,. �9 �9 pe + se ( p 2 _  1), with se = 1 and s~ - 1 

(mod dIN,~) i -- 1,. �9 e - 1. Clear ly diNi is a divisor of drN, r for  each i = 1,. �9 e - 1, 
hence s~ ~- 1 (mod drNr) and arguing as in the theo rem,  we obta in  

I G I r ( G ) -  1 =- ~ (p~- 1) = ( p 2  1 )+  ~ e,(q 2 -  1) (mod 6,~rdrNr). 
i = 1  i = 1  

EXAMPLES. Let  G be a solvable  g roup  of o rder  q~ . . . .  q~,'.p with p the 
smallest  divisor pr ime of the o rder  of G. Then  we can apply  Corol la ry  2 to obta in  

r(G)-~ ( p 2 + ~  e~(q~-1)( I G I  -l) (mod 6 , ~ l . g . c . d . ( q , - 1 , . . . , q , - 1 ) ) .  

For  example ,  if [G  I = 2q~,q~2 with the q, odd  and pr imes  different f rom 3, then 

Mann ' s  result  shows that  I G[ =- r(G) (mod 3) and Corol la ry  2 de t e rmine  r(G) 
module  3 �9 g.c.d.(q, - 1, q2 - 1). If I G I  = 11.13 "1. 37 e:, then (1) de te rmines  r(G) 
module  24.3 and (7) de te rmines  r(G) module  25.32. 

COROLLARY 3. Let p and q be two primes such that p X (q - 1) and let G a 
group of order p"q. Then 

(8) r ( G ) = - ( ( q : - a ) p " + ( p + l ) ( p " - l ) + l ) ( ( p " q )  l) (mod(p  - 1). 31~1). 

PROOF. Since p ~ ( q - 1 ) ,  G has a unique Sylow p - s u b g r o u p ,  hence  

(q, p , . ." . ,  p )  is a tuple  of  compos i t ion  factors  of  G and with the no ta t ion  of the 
t heo rem,  we have  

I G I r ( G ) -  1 = sl(q ~ - 1)p" + s2(p ~-  1)p "-l + . - .  + s,+~(p ~ - 1) 

with s~ --- 1 (mod(p  - 1)). T h e r e f o r e  

t G [ r ( G ) -  1 --- (q:  - 1)p" + ( p 2 _  1)((p" - 1)/(p - 1)) (mod z )  

with z = g.c.d.((q ~ - 1)(1o - 1), ( p ~ -  l ) (p  - 1)) = (p - I ) -  6rGi. 

EXAMPLE. Set I G [ = 5 " . 7 ,  then  (1) de te rmines  r(G) module  24.3 and (8) 
de te rmines  r(G) module  25-3. 

COROLLARY 4. Let G be a metabelian group. Then 

(9) r ( G ) - ~ ( I G ' I - 1 ) ' ( [ G / G ' I - ' ) + I G / G ' I  (modd,o,.6i~/o,,). 
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PROOF. We can refine the series 1 ~ G '  ~ G to obtain a composi t ion  series of 

G : I = N e ~ N e _ ~ . . . ~ N v = G ' ~ . . . ~ N o = G  such that N~ ~/N~=Cp, for 

i = 1 , . . . , e .  Arguing  as in the theorem,  we have 

[G/G'I " r(G) = (p, " " p~)" r(G) 

= s~(p~- 1)p2" �9 "po + s2(p~- 1)p3""p~ + " "  + sv (p2v- 1)+  r(G'). 

But, r(G') = [G' I and s~p,+~...p~ ~- 1 (mod drGi), hence  

!G/G'[ r ( G ) -  I G'] ==- ~ (p~- 1)=-- (pt"""  p~)2_ 1 (mod dl~l&~/G,i). 
i=1 

Thus we obtain the relation (9). 

EXAMPLE. If IGl=p2q  and [G ' l=p  z, (9) determines  r(G) module  

(q2 _ 1). g.c.d.(p - 1, q - 1). For  example,  if G = A4 is the al ternating g roup  of 

degree 4, then I G/G'[ = 3 and (9) implies r(G) -= 4 (mod 8), whereas  (1) does not 

give any informat ion in this easy case. 

REMARK, In general ,  if there exists N ~  G such that I G/NI  and r(N) are 

known and G / N  is a solvable group,  then arguing as in Corol lary  4, we obtain 

the relation 

r (  G ) =- ( r(  N )  - 1). (1 G I N  t ') + i G I N I  (rood dlol " &o/NO. 
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